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Abstract. In this paper we give a characterization of the possible homology groups 

(N . that can occur for compact simply connected cohomogeneity one manifolds in dimensions 

' seven and lower. 

P ' 

in ■ 

r— -i! Introduction 

One way to understand the size of the symmetry group of a manifold is by looking at 
the dimension of the orbits of the symmetry group. Heuristically, homogeneous spaces 
are the most symmetric in this sense, and cohomogeneity one manifolds are defined to be 
the next most symmetric. More precisely, a cohomogeneity one manifold is a connected 
smooth manifold with the smooth action of a compact connected Lie group with at least 
one orbit of codimension one, or equivalently with a one dimensional orbit space. 

In addition to their natural importance to the theory of group actions on manifolds, 
Q\ ! cohomogeneity one manifolds are important in many areas of geometry. In the area of 

Riemannian geometry, it was shown in |GZ1] that a large class of cohomogeneity one 
{Nj ■ manifolds admit metrics of non-negative sectional curvature. In particular, it was shown 

. in [Holj that all but possibly two families of compact simply connected cohomogeneity 

one manifolds in dimensions 7 and lower, admit metrics of non-negative sectional curva- 
ture. Cohomogeneity one manifolds also give examples of non-negative and positive Ricci 
curvature |GZ2j . More recently, in |GVZj . a cohomogeneity one structure was used to 
show that a manifold homeomorphic to the unit tangent bundle of S 4 admits a metric of 
positive sectional curvature. Cohomogeneity one manifolds are also important in mathe- 
matical physics as they give new examples of Einstein and Einstein-Sasaki manifolds (see 
[Co] or [GHY]) and examples of manifolds with G7 2 and Spin(7)-holonomy (see |CSj and 
[UGLPj ). 

Cohomogeneity one manifolds were classified in dimensions 4 and lower in [Nej and |Pa] 
and compact simply connected cohomogeneity one manifolds were classified in dimensions 
5, 6 and 7 in [Holj . These classifications describe the possible manifolds by expressing 
them as the union of two disk bundles glued along their common boundary. However, 
based on this description, the topological invariants of the manifolds are not always clear. 
In lower dimensions, a description of precisely which manifolds occur up to diffeomorphism 
is known in the compact simply connected case. This was done for dimension 3 in [Nej . 
dimension 4 in |Paj . dimension 5 in [Holj . and recently dimension 6 in [iHo2j . 

To give a similar characterization in dimension 7 would be much more difficult be- 
cause the manifolds become more complicated and the required invariants are harder to 
compute. The first step in this direction is to compute the homology groups of these 
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manifolds. From the classification jHolj . among compact simply connected cohomogene- 
ity one manifolds, there are 4 primitive families and 9 non-primitive families in dimension 
7 which have not been explicitly identified. The homology groups for the primitive fami- 
lies were computed in |GWZ] and |EUj . In this paper we compute the homology groups 
of the non-primitive manifolds, up to a group extension problem in a few cases. 

Theorem A. If M is a compact simply connected cohomogeneity one manifold of 
dimension 7 or less, then either M has the same set of homology groups as a compact 
symmetric space S , or M is 7-dimensional and has one of the exceptional sets of homology 
groups from Tabled Furthermore, in Tabled i/a^O then (3 G {1,7}- 

It is known that all compact simply connected symmetric spaces in dimensions 7 or 
less admit cohomogeneity one actions |Hof \ Sec. 5.1]. So their homology groups certainly 
occur as possibilities in Theorem IA1 

Notice also that if M is 7-dimensional and simply connected then all its homology 
groups are determined by H 2 (M) and H 3 (M) by Poincare duality and the universal 
coefficients theorem. 

In this paper we will use the notation Z/<5 = Z/<5Z = Z$ so for example Z/l = and 
Z/0 = Z. In particular, the last sentence in Theorem |A] says that if a ^ then either 
H 3 (M) ~ Z/7 or we have a short exact sequence — > Z/7 — > H 3 (M) — > Z/7 — > 0. 



Type 


H 2 {M) 


H 3 (M) 


1 


H 2 (M) = 


H 3 (M) = Z/ 7 


2 


H 2 (M) = Z © Z/a 
where a G {0, 1, 2} 


-> Z//3 -> H 3 {M) -> Z/7 -> (exact) 
where (3 G {0, 1, . . . } and 7 G {1, 2, ... } 



TABLE I. Exceptional sets of homology groups for M 7 , from Theorem IA1 
If a^0then/?G {1,7}. 



The paper is organized as follows. In the first section, we review the basic structure 
of cohomogeneity one manifolds and outline the basic tools that are used in computing 
the homology groups. The second section is the heart of the paper where we consider 
each remaining family of manifolds appearing in the classification [Hoi] and compute its 
homology groups. A subsection is devoted to each family separately. Some of these are 
easy to compute using the description of the manifolds as the union of two disk bundles, 
however others are quite difficult and require intricate techniques. The full descriptions 
of which manifolds have which homology groups are given in the conclusions at the end 
of Subsections 12.11 through 12.91 There, we also give the precise values of the constants 
appearing in Table [H The reader who is interested in these results could skip the the ends 
of these sections. 

The author would like to thank S. K. Ultman for several helpful discussions and for 
introducing him to the very useful results in |EU] . He would also like to thank W. Ziller 
for helpful discussions and for suggesting improvements to the manuscript. 
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1. Basic Techniques 

In this section we discuss some tools and techniques that are used in the next section to 
compute the homology groups of the cohomogeneity one manifolds from the classification. 
First let us briefly recall the basic structure of a cohomogeneity one manifold. See [Holj . 
|GZ1] or [GW Z] for more detailed descriptions. Suppose G is a compact connected Lie 
group which acts by cohomogeneity one on a compact connected manifold M, with finite 
fundamental group. It then follows that the orbit space M/G is an interval, say [—1, 1]. It 
is clear that M can be decomposed as the union of D(BJ) = 7r _1 ([— 1, 0]) and D(B + ) = 
7r _1 ([0, 1]), where ir : M — > M/G is the projection. Fixing a G-invariant Riemannian 
metric on M, the slice theorem says that D(B±) is a disk bundle over B± = 7r _1 (±l), 
with each point in D(B±) mapped to its closest point in B±. Choose x G 7r -1 (0) and 
let x± be the closest point to Xq in B±. Then D(B±) is G-equivariantly diffeomorphic to 
G x K ± D± where K ± is the isotropy group at x± and D± is the fiber at x± of the disk 
bundle D(B±), and where K acts on D± via the slice representation. If we let H = G Xo 
be the isotropy subgroup of G at xo, then H is also the isotropy group at xq for the K ± 
action on D±. In addition, acts transitively on dD±, so in fact, K / H ~ dD± = S e± 
is a sphere. In conclusion we can describe M, G-equivariantly, as 

(1.1) M ~ G x K - D_ U G x K+ D + where S l± = dD± ~ K^/H 

and where the two halves G x K ± D± are glued along their common boundary G x K ± 
K ± /H = G/H. Hence M is described entirely in terms of the isotropy groups K ± and 

H . Conversely, given compact groups G D K~ , K + D H with K^/H ~ 5" We can build 
a cohomogeneity one manifold M using (jl.ip . This collection of groups G D K~, K + D H 
is called the group diagram of M. 

I. 1. The Mayer- Viet oris sequence. Given the decomposition of the cohomogeneity 
one manifold M = G x K - D_ U G x K + D + described above, the simplest way to attempt 
to compute the cohomology groups of M is through the Mayer- Vietoris sequence. Notice 
that G x K ± D± deformation retracts to G/K ± and this retraction takes the boundary 
G/H to G/K^ 1 via the standard projection tt± : G/H — > G/K^. Hence we have the long 
exact sequence 

(1-2) 

► H n (M) (t "''H H n (G/K-) ® H n (G/K+) —X H n (G/H) -»• H n+1 (M) 

where i± : G/K^ — > M is the inclusion. 

1.2. The long exact sequence of the pair. Recall K~ /H ~ S e ~ and suppose the 
bundle K~/H — > G/H — > G/K~ is orientable as a sphere bundle |Hal pg. 442]. In this 
case, the author of [He} Sec. 4] describes how the long exact sequence for the pair (M, B + ) 
can be modified using the Thorn isomorphism to give the following long exact sequence: 

(1.3) , H n - l —\G/K-) -> H n {M) — ^ H n (G/K+) -> H n - l -{G/K~) -> ■ ■ ■ 

and similarly for (M, B_) if S e+ — >• G/H — > G/K + is an orientable sphere bundle. This 
sequence was first used for cohomogeneity one manifolds in [EUJ. 
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1.3. Non-primitive actions. Recall that a cohomogeneity one manifold M is called 
non-primitive if the action has a group diagram G D K~,K + D H such that there is a 
compact connected proper subgroup L C G which contains K~ , K + and H . If Ml is the 
cohomogeneity one manifold given by the group diagram L D K~,K + D H, then M is 
G-equivariantly diffeomorphic to G x L M^, and we have the fiber bundle 

(1.4) M L ^M -f G/L. 

See [HolJ for more details. We will refer to this bundle as the non-primitivity fiber bundle. 
In particular L is the structure group for this bundle, though not necessarily effectively. 

2. Computing the Homology Groups 

In this section we will prove the main theorem from the introduction. Suppose that M 
is a compact simply connected cohomogeneity one manifold of dimension 7 or less. We 
will show that M has the homology groups of a symmetric space or one of the exceptional 
sets of homology groups listed in Table [0 

First suppose dim(M) < 4. The only compact simply connected cohomogeneity one 
manifolds here are S 2 , S 3 , S\ S 2 x S 2 , CP 2 and CP 2 # - CP 2 (see [Pa]). It is clear these 
all have the homology groups of a symmetric space. If dim(M) = 5, we know from |Hol} 
Thm. C] that M is diffeomorphic to S 5 , SU(3)/ SO(3), S 3 x S 2 or the nontrivial S 3 bundle 
over S 2 . It is also clear that these manifolds have the homology groups of a symmetric 
space. 

In the case that M is 6-dimensional, we know from [Ho2j that M is diffeomorphic 
to a symmetric space; an S 2 bundle over CP 2 or S 2 x S 2 ; an S* 4 bundle over S 2 ; or a 
manifold of type N^. The first case is a tautology. In the next two cases, the Gysin 
sequence clearly shows that the homology groups of M are the same as those of S 2 x 
CP 2 , S 2 x S 2 x S 2 or S 2 x S A . In the last case, N^, M is given by the group diagram 
S 3 x S 3 D T 2 ,S 3 x S 1 D {(e^,e ie )}. Here G/K~ ~ S 2 x S 2 , G/K+ ~ S 2 , and 
G/H = S 3 x S 3 / {(e ipd ,e i9 )} ~ S 3 x S 2 (see [WZJ Prop. 2.3]). The Mayer- Vietoris 
sequence fll.2p easily shows H A (M) ~ Z 2 and therefore H 3 (M) must be torsion free and 
H 2 (M) ~ Z 2 . Then there is a segment of flO} of the form Z 2 -> Z 3 -> Z -> H 3 (M) -> 
and hence H 3 (M) = 0. Therefore M has the same homology groups as CP 2 x S 2 in this 
case. 

Finally suppose dim(M) = 7. We know from [Hoi I Thm. A] that M is diffeomorphic 
to one of the following: a symmetric space; a Brieskorn variety B\\ the product of a lower 
dimensional cohomogeneity one manifold with a homogeneous space; or a manifold given 
by one of the group diagrams listed in Tables I and II of [HolJ. The first case is obvious. 
Next, if M ~ B 7 d then the homology groups of M are know to be given by H 2 {M) = 
and H 3 (M) ~ Z/d \Br\ Cor. V9.3], and these groups appear in Table [B 

Next suppose M = Ni x N 2 is the product of a cohomogeneity one manifold with 
a homogeneous space. Either Ni or N 2 must be a sphere, since spheres are the only 
compact simply connected homogeneous or cohomogeneity one manifolds in dimensions 3 
or lower. Say M = S k x N, where iV is either homogeneous or cohomogeneity one, with 
dimension 5 or less. It is clear from above, and from the classification of low dimensional 
homogeneous spaces (e.g. as in [Holt Prop. 2.1]), that N must have the homology groups 
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of a symmetric space. By the Kiinneth formula, M must also have the homology of a 
symmetric space. 

We are only left with the case that M is given by one of the group diagrams from Tables 

I and II of [Holj . The homology of the manifolds of type P\ and Pjj was computed in |EUj . 
They showed, for P\, that H 3 (M) ~ Z/r and either H 2 (M) ~ Z or H 2 (M) ~ Z©Z 2 , and 
that H 3 (M) is finite (i.e. r > 0) in the case H 2 {M) ~ Z © Z 2 . Also for P^, they showed 
H 2 (M) ~ Z and H 3 (M) ~ Z/r. Next, the manifolds of type P 7 B and P^, were considered 
in jGWZl Sec. 13]. They showed H 2 (M) ~ Z and H 3 (M) ~ Z/r for M of type P^; and 
H 2 (M) = and H 3 (M) ~ Z/r for M of type P<£. In each case, when r > 0, we see these 
sets of homology groups appear in Table fl] above. If r = then these homology groups 
match those of a symmetric space. 

The only manifolds which are left are those 7 dimensional manifolds appearing in Table 

II of |Holj . For the rest of this section we consider these manifolds, one by one, and 
compute their homology groups. In each case we start by recalling the group diagram 
for the action and the conditions on the diagram which make the resulting manifold M 
simply connected. We conclude each case with a review of the homology groups of M. 

The group diagrams are given in the form G D K~~ , K + D H and H = H ■ H + in each 
case where H± = HnK . Note also that k e S 3 denote the standard unit quaternions 
and when we write {e je } C S 3 we understand this to mean \e %6 = cos 9 + isin 9 1 9 e M} 
and similarly {z} C S 3 will mean {z\z = e ld e S 3 ,9 G E}. 

2.1. Actions of type N^: 



We divide this family into two cases, depending on whether or not Kq = Kq. First 
suppose Kq = Kq. Since H = H ■ H + it follows that H C K^ and hence K ± = K . 
Then we know G/K ± ~ S 3 x S 2 by \WZ\ Prop. 2.3]. Since G/K ± is simply connected, 
K~/H — > G/H — > G/K~ is an orientable sphere bundle. Hence we have the long exact 
sequence of the pair (11.31) . This sequence clearly give H 5 (M) ~ Z © Z. Next consider 
the non-primitivity fiber bundle (11.41) with L = K^. This takes the form S 2 — > M — > 
S 3 x S 2 . The Gysin sequence for this bundle clearly gives H 4 (M) ~ Z, using the fact 
that H 5 (M) ~ Z © Z. So if = ^ then M has the homology groups of S 3 x S 2 x S 2 . 
In fact it follows that the Euler class of this bundle must be trivial. 

The case where Kq ^ Kq will be much more complicated. We start by establishing 
some notation. Denote b± := \H±\ = \H n K \ and h := \H\ so that K^ has 
connected components. Further let a = q+p- — q~p+ and notice that the number of 
intersection points of Kq and Kq is \a\. 

Let us start by looking at the non-primitivity bundle (11.41) with L = T 2 . We see 
that G/L ~ S 2 x S 2 , and that the effective version of the group diagram for Ml is 
L/H D K~ I H, K + 1 H D 1. We then identify this as the group diagram for a lens space 
S" 3 /Z r , where r is the order of the intersection of the two circles K~ / H and K + /H, \Hol\ 
Sec. 7.2]. It is not too difficult to see that r = \ah/b-b + \. 



Now consider the spectral sequence for the non-primitivity bundle S' 3 /Z r — > M — > 
S 2 x S 2 . The first page takes the form E p 2 ' q = Hp(S 2 x S 2 ) © H q (S 3 /Z r ) with maps 
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<f 2 q : E p 2 ' q -> £f +2 ' 9-1 . First notice that £^ 3 = Eg' 3 = ker(4 3 : Z © Z -> Z r ) ~ Z © Z. 
Hence H 5 (M) ~ Z © Z, since i?^, 3 is the only nontrivial group along that diagonal. 

Next, we claim that E 2 ^ ~ Z/r. For this, first recall H 6 (M) = since M 7 is simply 
connected. In particular E^ must be trivial which means d 2 ' 3 : E 2 ' 3 — > E 2 2 must 
be onto. It follows that there are elements w G E 2 ,s and v G -E2' such that d 2 ' 3 (vw) 
generates E 2 2 ~ Z/r. Then d^^) = ^^(t^w + w^^) = vd 2 3 (w). Since this element 

4 2 3 2 2 

generates _E 2 ' — Z/r it follows that d 2 (w) G -E , 2 ' — Z r © Z r must have order r. Hence 
the image of d 2 ' 3 : Z — ► Z r © Z r must be cyclic of order r. It follows that E 2 ^ = E 2 ' 2 = 
E 2 ' 2 / lm(d 2 ' 3 ) ~ Z r . The only other nontrivial group on the same diagonal as E 2 ^ is 
E^> = El' / lm(dl' 3 : Z -> Z) ~ Z//3 for some /3 G {0, 1, 2, 3, . . . }. Therefore # 4 (M) fits 
into the short exact sequence — > Z//3 — > H 4 (M) — > Z/7, for 7 = r = |a/i/6_fe + |. The 
task for the rest of this section is to compute the value of (3. 

To find (3 we only need the order of if 4 (M) and we will eventually compute this 
using the Mayer- Vietoris sequence (11.21) . Before we can do this we need to compute 
H^G/K*), H\G/H) and the maps H^G/K^) -> H\G/H) induced from the projec- 
tions n± : G/H — > G/K ± . We will accomplish these tasks by considering the following 
diagram of fiber bundles: 

L/H -> G/tf -> G/L 
(2.1) I I I 

L/K^ -> G/lf* -> G/L 

where L = T 2 C G, as before. The middle vertical map is 7r±. G/L ~ S 2 x 5 2 and the 
vertical map G/L —>■ G/L is the identity. 

The top bundle gives a spectral sequence with E 2 q = H P (G/L) © H q (L/H) and maps 
(if' 9 : -El*" 3 — > E 2 +2 ' q ~ 1 . The bottom bundle also has a spectral sequence ~W 2 q = H P (G / X)® 
^(L/K^ and maps g^' 9 : L2' 9 — ► L^> +2 ' 9 • We will soon compute all these groups and 
maps explicitly, as well as the maps from E 2 to E 2 induced by n±. However, we must 
first find a concrete set of fixed generators of E 2 ' 1 ~ if^L/if) ~ Z 2 . 

To understand L/H choose a homomorphism p : L — > T 2 with ker(p) = L 7 and suppose 

= (z A w B , z D w E ). Thenp(iT ± ) = p(K$) = p({(z p± , z q± )}) = {{ z Ap±+Bq ±, z Dp±+Eq± )}. 
Furthermore, since ker (p)nK± = HnK± ~ Z 6± , we see gcd(v4p ± +.Bg ± , Dp±+Eq±) = b±, 
so we can define the integers p± := (Ap± + Bq±)/b± and g± := (Dp± + Eq±)/b±. With this 
notation p(-ft' ± ) = {(-£ p± , ^ 9± )} and gcd(p±,g±) = 1. Also notice that since ker(p) = H, 
\AE — BD\ = \H\ = h. 

For example, one choice of p can be constructed as follows. First we establish some no- 
tation which will simplify our description. For every fixed ordered pair (x,y) G Z 2 , make 
a choice of relatively prime integers y),if)(x, y) such that xil>( x , y ) — y(p(x,y) = gcd(x, y). 
Also consider the standard projection M 2 — > T 2 : (s,t) 1— > (e 2ms , e 2mt ). Every homomor- 
phism / : T 2 — > T 2 has a unique lift to a linear map / : M 2 — > M 2 , via this cover. With 



this notation, first define p 



and p 2 



6_ 
1 



Then no- 



^(p-,q-) -<I>(p-,q-) 

-q- p_ 

tice pi is an isomorphism which maps Kq to {(z, 1)}. Hence ker(p 2 °Pi) = (Z/&_ C /fjf ) = 
K (~)H = LT_. Furthermore p 2 opi(H) ~ H/H_ ~ H + /(H_C)H + ) so the order of this set is 
fo/&_ = & + /|LT_nLT + |. In particular liL-Pl-K^I = |i?_rW + | = b_b + /h and so ker(p 2 °Pi|^+) 
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is cyclic of order b_b + /h. We also see, for (z p+ , z q+ ) G Kq, that p2op 1 (z p+ , z q+ ) = (z b - c , z a ) 
where c = p + ip(p_, q_) — g + 0(p_,g_). It then follows that gcd(6_c, a) = b_b + /h. Then 
we can write p 2 ° Pi(Kq) = {(z hc/b +, z ha l b - b +)} with gcd(/ic/6+, ha/b_b + ) = 1. Now 



define p 3 



he ha 



b+ ' b-b+ 
ha 



) -m 



he ha 



b+ ' b-b+ 
he 



h/b_ 







1 



As before p 3 is an iso- 



and p 4 

blb^ b^ 

morphism which maps p 2 o p 1 (Kq) to {(z, 1)}. Also, the kernel of p 4 o p 3 is Z/(/i/6_) C 
P2 o pi(Kq). Yet we also know that p 2 o pi(H) = TLjihjbJ) C p 2 ° P\{Kq). Putting 
this together with the facts that ker(p 2 ° Pi) — H and H = H ■ H + we conclude 
ker(p 4 o p 3 o p 2 o pi) = H. Hence p 4 o p 3 o p 2 o p : could be taken as our function p. With 
this p we would then have 

(2.2) 



B 
E 



P = Pip3p2pl = 



£ ( %, 



i>_6 , 



)^(p-,9-) 



&_ + 



S>_f>_ 



-) < / , (p-,?-) & - + 



/ he ha 
{ b ■ 1 



,)P- 



1, 5+ = 0, p_ 



ha 



)/&_ and g_ 



Furthermore, we would then have p + 

—ha/b-b + . However, because these are so complicated, we will continue to leave every- 
thing in terms of A, B, D, E. 

We are now ready to choose our generators for H l (L/H) using p. Notice p induces a 
natural isomorphism / : L/H — > T 2 given by f(£H) = p(£). Now H l (T 2 ) is generated by 
pr*(l), for i — 1,2, where prj : T 2 — > S* 1 : (-21,-22) 1— > 2j is the projection and where 1 is 
some fixed generator of H 1 ^ 1 ). Define u\ = /*(pr^(l)) and w 2 = f*(p T 2(l))i as our fixed 
generators for H l (L/H). 

We can now understand the map n± : U^iLjK^ — > U l {LjR) in terms of these 
generators. Notice the projection n ± : T 2 — > T 2 / ' f(K ± /H) and the map / : L/if — > T 2 
induce an isomorphism / : L/K ± -> T 2 //(K ± /if), by f(it±(lH)) = n ± {f{£H)). Further 

)} so there is a generator -u_|- of H 1 (T 2 / f (K ± / H)) ~ Z 

p±pr 2 (l). Define u± = f*(u±) as our fixed generator of 



such that tt±(u±) = §±pr*(l) 
H^L/K*) ~ Z. Then 7r£(u± 



-:0,1 t=0,1 



We will now compute our map d 2 ' : F 



t2,0 



F 2 ' which will then allow us to compute 



H l (G I 'K^). For this consider the diagram of fiber bundles 

L —> G —> G/L 
(2.3) I I I 

L/F -> G/F -> G/L 

with F = K ± . The top bundle is a product of Hopf bundles and has spectral sequence 
E™ with maps d^ 9 ■ Let ui,v,2 G ^(L) and t>i,t> 2 G H 2 (G/L) be the standard product 
generators -Uj = pr*(l) and fj = pr*(l') for generators 1 G i? 1 (S' 1 ) as above and 1' G 
H 2 (S 2 ). Then it is clear that with the right choice of sign on 1' we have ^(iii) = Vi. 
Now consider the projection map L — > LjK ± . Since F"^ 1 = {(-2 P± , -2 9± )}, we know the 
projection L — > L/Kq induces a map H 1 (L/K^ 1 ) — ► H 1 ^) which sends a generator to 
/^(?±^i — P±^2)- Then, since L/Kq — * L/K ± is an (/i/6±)-fold cover of the circle, it 
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follows the map H X (L/ K^) — ► H l (L) takes a generator to /^^{q±u\ — p±u 2 ). Then using 
the commutativity of the diagram of spectral sequences E and E from (12.31) . we see that 
df{u±) =V-j^(q±Vi -p±v 2 ). 

Now we can compute the co homology groups of G/K ± from the spectral sequence E 
described above. It is clear that d 2 is injective so we see E 3 ' = E^ = 0. Hence 
H 1 (G I K^) = 0. Next, the image of d 2 ' in E^' = (v 1 , v 2 ) a b is generated by ^{q±V\— p±v 2 ) 
so E 2 ^ = Elf = (fi,U2)ab/(^(g±fi - P±v 2 )) ~ Z © (Z/(h/b±)), since p± and q± are 
coprime. It follows iPiG/K^) ~ Z®(Z/(h/b±)). Next, iff 1 ~ Z©Z is generated by v x u ± 
and f2«± and since d 2 (vj) = we have d 2 ' (uj«±) = Vid 2 (u±) =t // ^v,~(q±vi —p±v 2 ). In 

particular d 2 (v\U±) =~/y^-V\v 2 and d^' 1 (v 2 u±) = + /^^-V\V 2 so i?^ 1 = E^' 1 = ker(d 2 ) = 
(q±ViU± +p±v 2 u±). This fact will be important later, but for now we simply conclude 
H^iG/K^ ~ Z. We also see Im(d 2 ' ) = (^^V\v 2: ^^v\V 2 ) = {-^v\v 2 ) since p± and q± 

are coprime. So E^ = E 3 ' = (viv 2 ) / (^-Viv 2 ) ~ Z/(h/b±) and hence H^G/K*) ~ 

Z/(h/b±). We also clearly see H^G/K*) ~ Z from 22. 

We now repeat this process for G/H. Again we have the diagram (12.31) with F = H in 
this case. To understand the map induced by the projection p : L L/H recall f(p(£)) = 
p(£) and recall if^L/if) is generated by m = /*(pr*(l)), i = 1,2. Therefore p*(ui) = 
p*(pr*(l)). Since p(z,w) = (z A w B , z D w E ) we see p*(ui) = p*(pr*(l)) = Apr*(l) + 
Spr*(l) = Aui + Bu 2 and p*{u 2 ) = p*(pr*(l)) = £>pr*(l) + £pr*(l) = Din + Eu 2 .lt 
then follows from the commutativity of the diagram of spectral sequences from E 2 to E 2 , 
that rfg = Av\ + Bv 2 and d!]' (1*2) = -D^i + Ev 2 . 

We now compute H l (G/H) from the spectral sequence E™. First observe that -E^' 13 
clearly shows H 6 (G/H) ~ Z so G/if is orientable. Next notice that since p(z,w) = 
[z A w B , z D w E ) is onto, the vectors Av\ + Bv 2 and _Dt>i + Ev 2 are linearly independent. 
Hence d / is injective, E^ 1 = E®' 1 = 0, and hence H l (G/H) = 0. Next, lm(d°/) = 
{Avx + Bv 2 ,D Vl + Ev 2 ) so = E 2 ' = (v u v 2 ) ah / (A Vl + Bv 2 ,Dv x + £to 2 ). Further 
d^' 2 (W1M2) = (Avi + Bv 2 )u 2 - ux{Dv\ + Ev 2 ) = -Dv x ui + Av\u 2 - Ev 2 u\ + Bv 2 u 2 , 
since ■Uj'Uj = (— l) 1 ' 2 ^-^ = VjUi. In particular d^' 2 is injective so E^ = E®' 2 = 0. It 
then follows that H 2 (G/H) ~ = (u 1; u 2 ) ab /(Au 1 + Bv 2 ,Dv 1 + Ev 2 ). We then see 
H 2 (G/H) ~ ii as groups, either directly from this or from the obvious fact H\{G/H) ~ 
if. Next notice d 2 ' ( v i u j) = v id 2 ' 1 {uj), since d 2 ' ^) — 0- So we have d 2 ' (villi) = 
Bv]V 2 , d 2 {v\U 2 ) = Ev\V 2 , d 2 ' (v 2 ux) = Av x v 2 and d 2 (v 2 u 2 ) = Dv\V 2 . In particular 
Im^' 1 ) = (Av ±v 2 , Bv iv 2 , Dviv 2 , Ev\v 2 ) = (8v\V 2 ) where 5 = gcd(A, B , D , E) . Therefore 
= E 3 '° = {v x v 2 ) / (8v 1 v 2 ) ~ Z/5. We also see E 2 J = kei(d 2 / : Z 2 -> Z 2 ) is torsion 
free and hence must be trivial, since H A (G/H) is finite by Poincare duality. It then 
follows that H i {G/H) ~ E^ ~ Z/5. By Poincare duality again, the torsion subgroup of 
H 3 (G/H) is Z/5. It then follows H 3 (G/H) ~ E^ 1 = E 2 / = ker(d 2,1 )/ Im^' 2 ) ^ Z 3 /Z ~ 
Z©Z©(Z/5). 

We now have the cohomology groups for G/K ± and G/H. Next we will determine 
the images of the maps 7r^_ : WiJG/K'^) — > W^G/H), for i = 2,3,4, for use in the 
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Mayer- Vietoris sequence for M. Recall the diagram of bundles (12. ip which induces maps 
( 7T ±)^' q '■ ~~ y Es' 9 on the spectral sequences. Since the map G/L — > G/L in (12. ip is the 
identity, the maps (tt±) 2 ° are the identity as well. In particular {j[±)^{vj) = Vj. Then, 

2 

since E^ and are both quotients of (vi,V2) a b we see (tt±) 2 £ : [vi] t— > [vj\ is obviously 

2 Q 

onto. Furthermore, since H^G/K*) ~ E^ and H 2 {G/H) ~ E 2 J> in the natural way we 
see the map H^G/K*) -> H 2 {G/H) is onto. In the same way H^G/K*) -> H A {G/H) 

2 1 

is onto. Next recall E^ = (q±ViU± +p±v 2 u±). We then see (n±) 2 £(q±viu± + p±v 2 u±) = 
(q±v 1 +p±v 2 )(ir±)° Q £(u±) = (q±v 1 +p±v 2 )(q±u 1 -p±u 2 ) = q±q±v 1 u 1 -q±p±v 1 u 2 +p±q±v 2 u 1 - 

2 { 

p±p±v 2 u 2 . Again since H^G/K*) ~ £^ and H 3 (G/H) ~ E^ 1 in the natural way, we 
see that the image of 7r^_ in H 3 {G/ H) is generated by the element <7±<7±t>itti — q±p±viu 2 + 
p±q±v 2 Ui - p±p±v 2 u 2 . 

Finally we have the Mayer- Vietoris sequence (11.21) for M. The important segment of 
the sequence takes the form 

-^-> # 3 (M) — ^ H 3 (G/K~) © H 3 (G/K + ) H 3 (G/H) 

-^U # 4 (M) — ^ H\G / K-) @ H\G / K+) H\G/H) -^-> 

where TIj = 7r* — 7r+ and ij = First notice that A 2 = and A 4 = since 

7T± : H^G/K*) -> H\G/H) is onto for i = 2,4. We will compute the order of # 4 (M) 
from (12 .4p by finding the orders of Im(A 3 ) and Im(/ 4 ). 

We will first compute Im(J 4 ) = ker(n 4 : Z/{h/b_) © Z/{h/b + ) -» Z/5). First notice 
that 5 divides /i/6± because each vr^ : H 4 {G /!<*)(- Z/(h/b±)) -> H\G/H){~ Z/5) is 
onto. Therefore 5| gcd(/i/6_, h/b+). Conversely, notice that in the explicit example of p 
given in Q we have gcd(/i/fc_, gcd(A, 5, D, £) = 5. Then since 5 = \H\G / H)\ is 

independent of the choice of p, we have that 5 = gcd(/i/6_, h/b + ) for any possible p. It then 
follows that ker(n 4 : Z/(h/b_)@Z/(h/b+) -» Z/5) is cyclic of order ( gcd(£, A) = 

lcm(£, A). Therefore Im(I 4 ) ~ Z/lcm(/i/&-, fc/6+). 

Next consider Im(As) ~ H 3 (G/H)/ lm(U 3 ). Recall that we have the isomorphisms 
H^G/K*) ~ E 2 ^ and H 3 (G/H) ~ E^ 1 . In the ordered bases {u lM2 } C E 2 ' 2 , {v x m, v x u 2 , 
v 2 ui,v 2 u 2 } C -E 2 ' 1 and {^1^2} C E 2 '° we see d 2 ,' 1 = [ B E A D ] , as a matrix, and 
Im(c?2' 2 ) is generated by x := (-D, A, —E, B) 1 . Further, the image of ir± is generated by 
V± '■= (q±q±,—q±P±,P±q±,—P±P±Y- Therefore H 3 (G / H) / lm(Jl 3 ) ~ ker [ B E A Dy 
(x,y_,y + ). Notice further that y± = ±(p±q±(D, -A, E, -B)+ (q 2 ±E, -q 2 ±B,p 2 ±D, -p\A))\ 
after unpacking the definitions of p±,q±. If we denote z± := (q±E, —q±B,p±D, — p^A) 1 , 
then we see that the real span of x, y~,y+ is the same as that of X, Z— j Z-\- . In particular, 
if (p 2 ,g 2 ) = (p+,g+) (i. e. (p_,g_) — + /^.{p + ,—q + )) then x,y-,y + are linearly dependent 
over R. Therefore Im(A 3 ), and hence H A (M), are infinite in this case. Otherwise we claim 
that x,y-,y+ are linearly independent over R, making H 4 (M) finite. To see this notice 
that when (p 2 ,g 2 ) 7^ (p+,<? 2 ), we have span M {2;., 2+} 9 (J5, —B, 0, 0)', (0, 0, D, —A) 1 . 
It is clear that these two vectors and x form a linearly independent set over R, so 
Im(As) is finite in this case. To find the order of Im(Aa) we need an integer basis for 
ker \B E A D 1 and its extension to an integer basis of Z 4 . Let A = A/ gcd(A,B), 

B = Bj gcd(A, B),D = Dj gcd(£>, E),E = E/ gcd(D, E) and choose integers 2, B, D, E 



10 



COREY A. HOELSCHER 



such that AB + BA = 1 and DE + ED = 1. Then the vectors w 1 := (A, 0, -B, 0)', w 2 : = 
{A, 0, B, 0)', w 3 := (0, D, 0, —~E) 1 and w 4 := (0, D, 0, £)* form an integer basis of Z 4 , with 
Wi,w 3 e ker [ -B £ A £> ]. We also see that := gcd(A, and i/ := gcd(L>, E)/5 
are relatively prime integers since 5 = gcd(A, B, D, E), so we can find integers fi, v such 
that i//i + /iz> = 1. Then we see that wi, viV2—^w^ w 3 , VW2 + Jivo± is an integer basis for Z 4 
with w\, vwi—^vj^ u> 3 an integer basis for ker [ B E A D 1 . Therefore we see that the 
order of Im(A 3 ) ~ ker [ B E A D ] / (x, ?/_, y + ) is equal to | det(x, ?/_, y +1 uw 2 + fiW4)\, 
the determinant of the matrix formed by the vectors x,y_,y + ,vw2 + jlw^. This gives 
the explicit value of |Im(A 3 )|. It then follow from (12. 4p that the order of H 4 (M) is 
| Im(A 3 )| • | Im(J 4 )| = | det(x, y~,y + , vwi + j^Wi) \ ■ lcm(/i/6_, h/b + ). 

Conclusion. For a manifold M of type N A , if K~ = K + then M has the homology 
groups of S 3 x S 2 x S 2 . If K~ ^ K + we have if 5 (M) = Z © Z and an exact sequence 
-> Z//3 -> # 4 (M) -> Z/ 7 -> with 7 = |a/i/6_6 + |. If (p_,g_) = + /-{p+,-q+) then 
H 4 (M) is infinite and hence /3 = 0. If (p_,q_) ^ z+ /^(p+, — q+) then H A (M) is finite and 
(3 = I det(x, y-,y + , z>u> 2 + £tW4)| • lcm(/i/6_, h/b + )/j. 

2.2. Actions of type N 7 B : 

S 3 xS 3 D {(e ip \e iq9 )} ■ H + , {{e jd , 1)} • H_ D H ■ H + 

where gcd(p, q) = 1, H± = Z n± C Kq, n + < 2, 4|n_ and p = ±^ mod n_. 

First notice the following simple but useful fact about this family of actions: (—1,1) G 
H_ if and only if q is even. This follows from the facts that 4|n_ and gcd(p, q) = 1 
Furthermore we can assume q 7^ since otherwise the action is a product action. 

We will approach this case using the non-primitivity fiber bundle (jl.4p . with L = 
S 3 x S 1 . This bundle has the form Ml — > M — > S* 2 and we will eventually use the 
spectral sequence for this bundle to compute the homology of M. First we must study 
Ml and compute its homology groups. 

We will start by computing tc 1 (M l ). For this, choose curves a± : [0,1] — > fQj 1 
with a±(0) = 1 which represent ii 1 (K ± /H). By |Holt Prop. 1.7] we have 7Ti(M L ) ~ 
tci(L/H)/ (ot_, Qf + ). Now let 5 : [0, 1] — ► L : i 1— ► (1, e 27 ™'), a curve which represents 7Ti(L). 
Further, since L —> L/H is a cover and since H = H ■ H + = (ot_(l), a + (l)), it is clear 
that a_, a + and 6 generate tti(L/H), when considered as loops in L/H. These three 
elements also commute since a_ and 5 lie in T 2 C L and a + can be homotoped into T 2 . 
We now divide the computation of tti(Ml) into two cases, depending on whether q is even 
or odd. 

First suppose q is odd and hence (—1, 1) ^ H_. If there is some relation a x _a v + 5 z ~ 1 
in 7Vi(L/H) then a^a\ must be a loop in L. However, since (—1,1) ^ H_, no power 
of a_ will be a path ending at (—1, 1) so a x _ and a y + must both be loops in L. It then 
follows that a y + C S 3 x 1 is contractible in L so we can assume a x _ ~ <5~ z . For ct x _ to 
be a loop in L, x must be a multiple of n_ = \K~ C\ H\, say x = It then follows 

—2 = xq. So the only relations in ni(L/H) are a" - ~ 5 q and a™ + ~ 0. Therefore 
7Ti(M L ) ~ m(L/H)/{a-.,a + ) ~ (5, : 5 9 = = l) ab /(a_,a + ) ~ (5 : S q = 

1) ~ Z/q. 
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Next suppose q is even and hence (—1,1) G H_ and n + = 2. This time a™ and ot + are 
both paths from (1,1) to (—1,1). Hence we have the additional relation a™~^ 2 ~ a + 
As in the previous case 7Ti(M L ) ~ (5, : a"" 7 ' 2 ~ a + 5 q / 2 ,a+ = l) a b/(a_,a + ) — (5 : 

59/2 — 1) ~ Z/(g/2). Notice that whether g is even or odd we have the following unifying 
equation: 7r 1 (M i ) = Z/(g/ gcd(g, 2)). 

Now, in order to compute the homology groups of Ml, we need the homology groups 
of L/K*. First L/K~ = S 3 x S 1 / {{e ipd , e iq6 )} ■ {((-l) n + +1 , 1)}. We see S 3 acts on 
L/K~ transitively since q 7^ 0. Since gc d(p, q) = 1, the isotropy is S 3 x 1 n {{e ip8 , e iq6 )} ■ 
{((-l) n++1 , 1)} ~ Z/lcm(n+,g), so L/K~ ~ S 3 /Z lcm ( n+jq) , a lens space. 

For L/K+ we can write L/F+ = S 3 x S 1 / {(e J ' e , 1)} • {(££_,££_)} where £ n _ is a 
primitive root of unity. Since p_ = mod n_, we know = ±z. Then we 

notice S 13 / {e- 79 } ~ S* 2 and left multiplication by ±i on S* 3 / {e-* 9 } — S 2 acts as — Id. 
Therefore L/K+ ~ S 2 x S 1 /^- Id, £*_)). If 6 := n_/ gcd(g, n_), the order of is odd 
then ((-Id,£*_)) = ((-Id, 1), (Id,£«J) so L/K+ ~ MP 2 x S 1 in this case. If 6 is even, 
then L/K + ~ S* 2 x S* 1 / ((— Id, —1)) and this space can be modeled as S 12 x [0, 1]/ ~ where 
(x, 0) ~ (— a;, 1). Using the Mayer- Vietoris sequence for the decomposition S 2 x [0,1/2] 
and S 2 x [1/2, 1] we see that the nontrivial cohomology groups for L/K + are H°(L/K + ) ~ 
H l {L/K + ) ~ Z and H 3 {L/K + ) ~ Z2, in the case that 6 is even. When 6 is odd, we see 
L/K+ ~ MP 2 x S 1 has these same cohomology groups with one additional nontrivial 
group H 2 (L/K + ) ~ Z 2 . 

We will compute the cohomology groups of M L using the modified long exact sequence 
of the pair (II. 3p . but we must first show that K~ / H — > L/H — > L/K~ is orientable as 
a sphere bundle, in the sense of |Haj pg. 442]. For this, consider the diagram of bundles 
(J23J, with F = L and T = T 2 . 

#-/# -> F/# -> F/fsf- 
(2.5) T T T 

-> T/# -> T/K~ 

The bottom bundle is equivalent to the standard product bundle S 1 —>■ T 2 — > 5 1 which is 
orientable. Notice also that the last vertical map induces a map 7Ti(T/K~) — ► tti(L/K~), 
which is onto. Hence any loop in L/K~ can be homotoped to a loop 7 in T/K~ . Then 
the homotopy of K~ /H above 7 can be chosen as the product homotopy in T/H. It then 
follow that this induces the identity map on the fiber K~/H — > K~/H. Hence the top 
bundle in (12. 5p is also orientable sphere bundle. 

Hence we have the sequence (II. 3p with L in place of G and Ml in place of M. This 
diagram clearly gives H 5 (Ml) — Z so that Ml is orientable. Then, using the fact that 
H 4 (M L ) ~ #i(M L ) ~ tti(Ml) ~ Z/(g/gcd(g, 2)) the sequence flO]) shows H 3 {M L ) ~ Z 2 
if n + = 1 and g is odd and H 3 (Ml) = if n + = 2 or g is even. It then follows 
# 2 (M L ) ~ Z/(g/gcd(g,2)) and H l {M L ) = 0. 

We are now in a position to consider the spectral sequence for the non-primitivity 
bundle Ml — > M — > S 2 . The first page of this spectral sequence takes the form 
e p,i ^ H P (S 2 ) ® H q (M L ). It is clear that only the maps on the first page d p 2 ' q : 
Ef' 9 — > Ef -1-2 ' 9-1 are potentially nontrivial, so E 3 = E^. Notice first that E3' 5 = 
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ker (d°f : Z -> Z/(g/gcd(g, 2))) ~ Z. We now consider two cases depending on H 3 (Ml). 
If n + = 2 or q is even then H 3 (M L ) = 0, and so E° 2 ' 3 = E 2 ' 3 = 0. It then follows that 
H 5 (M) ~ Ef ~ Z since this is the only nontrivial group along that diagonal. Further 
d 2 4 = d 2 ' 3 = so E 2 ' 4 = E®' 4 and E 2 ' 2 = E 2 ' 2 . Therefore we have the filtration H 4 (M) = 
£,0,4 D ^i.a = £2,2 D £ 3 ,i = £4,o = q ^ £0,4/£i,3 _ ^0,4 _ z/ (q / gcd(q, 2)) and 
£2,2/£3,i ^ £2,2 _ Z/(g/gcd(g,2)). Hence # 4 (M) fits into the short exact sequence 
-> Z/(g/gcd(g,2)) -> # 4 (M) -> Z/(g/ gcd(g, 2)) -> 0. Next, if n + = 1 and g is odd 
then H 3 (M L ) ~ Z 2 . We then see that d°' 4 : Z/g -> Z/2 and d°' 3 : Z/2 ^ Z/g are trivial 
since g is odd. So £°' 4 = £ 2 ' 4 ~ Z/g, £ 2 ' 2 = E 2 ' 2 ~ Z/g and £ 2 ' 3 = £ 2 2,3 ~ Z/2. Then, 
as before, we have the short exact sequence — > Z/g — > H 4 (M) — > Z/g — > 0. Similarly 
we see # 5 (M) ~ Z©Z 2 . 

Conclusion. A manifold M of type iV^ has H 5 (M) ~ Z© (Z/a) where a = 1 if n + = 2 
or g is even; and a = 2 if n + = 1 and g is odd. Further there is an exact sequence 
- Z/(g/ gcd(g, 2)) - 4 (M) - Z/(g/ gcd(g, 2)) - 0. 

2.3. Actions of type iVj: 

S 3 x5 3 D {(e ip V 9 *)} , S 3 x Z„ D Z n 

where gcd(p, g) = 1, gcd(g, n) = 1 and we can assume g 7^ otherwise this is a product 
action. 

This case will require several steps. Notice first that G/K~ ~ S 3 x S 2 \WZ\ Prop. 2.3] 
and G/K + ~ S 3 /Z n is a lens space. Since G/K~ is simply connected we get the long 
exact sequence of the pair (11.31) . This sequence easily shows that H 5 (M) ~ Z and H A (M) 
is cyclic. It only remains to find the order of H 4 (M). 

For this, we will use the non-primitivity fiber bundle (11.41) with L = S 3 x S 1 . This takes 
the form M L -> M -> S 2 where M L is given by the diagram 5 3 x S 1 D {(e ipe , e ige )} , S 3 x 
Z n D Z„. Clearly L/K + ~ S 11 and we claim L/K~ ~ S 3 /Z q . To see this note S" 3 acts on 
L/K~ in the obvious way. This action is transitive since g 7^ and the isotropy group is 
K~ fl (S 3 x 1) = Zq x 1, since gcd(p, g) = 1, and this proves the claim. 

We now claim that K~/H — > L/H — > L/K~~ is orientable as a sphere bundle. To see 
this, notice we have the diagram of sphere bundles (12. 5p . with F = L and T = ^xS 1 C L. 
By the same argument given below (|2.5|) . we see L/H —>■ L/K~ is orientable. 

Therefore we get the long exact sequence for the pair (11.31) with L in place of G, and Ml 
in place of M. This sequence clearly gives H 5 (M L ) ~ Z, H 4 (M L ) ~ Z 9 and H 3 (M L ) = 0. 
It then follows that M| is orientable and hence H 2 (M L ) ~ Z g and H l (M L ) = 0. 

We can then plug this information into the spectral sequence for the bundle — > M — > 
S 2 . We see that £^ 4 ~ E 2 ' 4 ~ # 4 (M L ) ~ Z 9 , £^ 2 ~ £ 2 ' 2 ~ H 2 {S 2 ) © # 2 (M L ) ~ Z g and 
E iA-i ^ £M-i = f or i ^ 0, 2. It follows that # 4 (M) as a subgroup Z g C H A (M) with 
H 4 (M)/Z q ~ Zq. In particular H 4 (M) has order g 2 . Since we already showed H 4 (M) is 
cyclic, it follows H 4 {M) ~ Z/g 2 . 

Conclusion. If M is a manifold of type iV&, then if 5 (M) ~ Z and # 4 (M) ~ Z/g 2 . 
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2.4. Actions of type N 7 D : 

S 3 x S 3 x S 1 D {(z m w» p z n w up w)} , {{z m w^ z n w up , w)} D H ■ Z a 

where H = {(z m , z n , 1)}, mv — np = 1 and Z a C {(w^ p w up w)}. 

We first claim that G/K* ~ S 3 x S 2 . To see this, note that S 3 x S 3 acts on G/K* 1 by 
multiplication on the first two components in the natural way. It is clear this action is 
transitive and that the isotropy is K ± n (S 3 x S 3 x 1) = {(z m ,z n J 1)}. Hence GjK^ ~ 
S 3 x S 3 / {(z m ,z n )} which is know to be S 3 x S 2 , as before. In particular G/K^ 1 is 
simply connected so we get the long exact sequence of the pair (II. 31) . One segment of this 
sequence is -> Z -> # 5 (M) -> Z -> and hence # 5 (M) ~ Z 2 . 

We also have the non-primitivity fiber bundle for L = (11.41) . which takes the form 
S 2 — > M —>■ S 3 x S 2 in this case. The Gysin sequence of this bundle contains the segment 
-> # 4 (M) -> Z -> Z -> Z 2 -> Z -> 0. Hence # 4 (M) ~ Z. In fact it follows that the 
Euler class of this bundle is trivial. 

Conclusion. A manifold M of type N 7 D has the same homology groups as S 3 x S 2 x S 2 . 

2.5. Actions of type N 7 E : 

S 3 x S 3 x S 1 D {{zV?-, z n w up -, w q ~)}H, {{z m W w+, z n w up+ , w q+ )}H D H 

where gcd(p±,g±) = 1, H = H. ■ H+, H = {(z m , z n , 1)}, K~ ^ K+, mv - np = 1, 
gcd(g_, g + , d) = 1 where d is the index of H D ifj" D i^o" in Kq fl i^p". 

This case will be very similar to the case of family N 7 A . As a result we will skip many 
of the details here and, instead, indicate the significant modifications from the family 
N\. Note first that L = T 3 C G contains and H. Now let L := {(wf , w\, w 2 )} 
and notice that L is the direct product L = Hq ■ L, since rrw — np = 1. Also denote 
K± ■= K± n L, H := H n L and # ± := # ± n Now define h := |#| = |#/#o| and 
b± := |if±| = \(Kq H H)/Hq\ so that J f£' ± and if 1 * 1 have /i/6± connected components. 
Finally define a := q + P- — q~p+ and notice that Kq fl -ff^" has order \a\. 

Now consider the non-primitivity fiber bundle (11.41) . Ml M G/L, where G/L ~ 
S 2 x S 2 . The group diagram for M L reduces to L D K~,K + D H, so M L ~ S 3 /Z r 
where r = |/ia/6_6+|, just as in case N 7 A . Then, by the argument given for N 7 A , we 
see that H b (M) ~ Z © Z and -> Z//3 -> # 4 (M) -> Z/7 -> is short exact where 
7 = r = |/ia/6_6+|. Again, it only remains to compute the value of (3. 

Again we have the diagram (12. ip . this time with L = T 3 , etc. As before, denote 

7r ± : G/H — > G/K ± as the natural projection, and let (Ef ,l ,d^' 1 ) and (E { ' be the 
spectral sequences for the top and the bottom bundles of (12.11) respectively. To choose our 
generators of H l (L/H), label the map a : L — > L : (z m w^, z n w\, w 2 ) (u>f , w\ , w 2 ) , so 
ker(cx) = H , and choose a homomorphism p : L — > T 2 : , u'J', -U7 2 ) 1— > (w^w^ jtyftyf') 
with ker(p) = if. For example, we may chose A,B,D,E precisely as in (12.21) . just 
as before. Then p o a : L — > T 2 has ker(p o a) = H, so we have an isomorphism 
/ : L/H — > T 2 : £if — > p(a(£)). Define u< := /*(pr*(l)), % = 1,2, as before, for 
some generator 1 G H 1 ^ 1 ). Clearly Ui,u 2 generate H l (L/H). Finally, just as with 
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N\, there are generators u± G i/ 1 (L/_ft' ± ) ~ Z with 7r±(u±) = q±Ui — p±u 2 , where 
p± = (Ap± + Bq±)/b± and q± = (Dp± + Eq±)/b± are relatively prime integers. 

We will use the spectral sequence (E^ , d i ' ) to compute H l (G/ if ), but first we must 
determine the map d 2 ' . For this consider the bundle diagram (12. 3p with F = K ± , 
L = T 3 , etc., and denote the spectral sequence of the top bundle as (E^'\ d/). As before, 
fix generators 1 G ii 1 (S' 1 ) and V G H 2 (S 2 ) and define the standard product generators 
Hi := pr*(l) G H\L), i = 1,2,3, and v { := pr*(l') G H 2 {G/L ~ x S 2 ), i = 1,2. With 

— 1 ~ 1) 1 — T) 1 ~ 

the right choice of sign on V we have d 2 (ui) = t>i, d 2 ' (^2) — v 2 and d 2 ' (w 3 ) = 0. As 
in the case N\, we see the induced map p* ± : ii 1 (L/if ± ) — > H 1 ^) takes a generator to 

£^(9±n«i - q±mu 2 +p±u 3 ). Hence d 2 (u±) = ^(piC^i)) = /^xf O^i -mv 2 ), using 
the commutativity of the spectral sequence diagram. 

We will now compute ^(G/K^) in two cases, depending on whether or not q± = 0. 

If g± = then = and it is clear from E 2 l that H^G/K*) ~ Z, H^ifl/K^) ~ 
Z © Z, H^G/K*) ~ Z © Z, H^G/K*) ~ Z and H^G/K*) ~ Z. If g± ^ then 

d 2 ' 7^ and we can compute cf 2 ' (t>iM±) =~/+ h ™^ ± V\V 2 and d 2 ' (t>2W±) = + /^.^^-VxV2, 

2 1 2 1 

where f t>2«± G -E 2 ' generate. Hence ker(c/ 2 ' ) = (nv\u± + mv 2 u±) ~ Z, since 

m and n are coprime. We then see from £ 2 that H 1 (G/K ± ) = 0, ^(G/K*) ~ 

(«i,«2)ab/<^(nui - ^2)) ^ Z© (Z/(hq±/b±)), H 3 (G/K±) ~ (m; lM± + roi; 2 u±) ~ 

Z, # 4 (G/if±) ~ (^/(^^^i^) = ( Vl v 2 ) / (M±. Vl v 2 ) ~ Z/(hqJb ± ) and 

H 5 (G/K±) ~ Z. 

To repeat this process for G/H, consider the diagram (12.31) with F = H , L = T 3 , etc., 
and denote p : L -> L/ii. We see first that = p*(/*(pr*(l))) = (po cr)*(pr*(l)), 

since p(a(£)) = f(p(£)). We can then compute jp*(wi) = —Anui + Amu 2 + -E>m 3 and 
p*(w 2 ) = —Dnui + Dmu 2 + -&u 3 . Hence d 2 = = A(— Wi + mt> 2 ) and 

d 2 (1*2) = D(—nv\ + mv 2 ). We then have cf 2 2 (wi« 2 ) = Dnv\U\ — Anv\u 2 — Dmv 2 u\ + 
Amu 2 w 2 . We also get cf 2 ' (uiixj) = Amv\V 2 , d 2 (ui« 2 ) = Dmviv 2 , d 2 (v 2 ui) = —Anv\v 2 
and d^ l {y 2 u 2 ) = —Dnv\v 2 . Finally we compute d 2 2 (v \Uiu 2 ) = —Dmv\v 2 u\ + Amv\v 2 u 2 
and d 2 2 2 i y v 2 u\u 2 ) = Dnv\v 2 u\ — Anv\v 2 u 2 . 

We can now compute H\G/H) using E 2 ' 1 . We easily get H^G/H) ~ Z, H 2 (G/H) ~ 
«2)ab/<-A(-n«i+^«2), ^(-n^x+m^)) ~ Z©(Z/£) where £ = gcd(A, D), H\G/H) ~ 
ker(4' 2 )/Im(rf 2 i2 ) ~ Z©Z©(Z/£) by Poincare duality, H\G/H) ~ Z©(Z/£), H\G / H) ~ 
Z © (Z/£) and H 6 (G/H) ~ Z. 

Now consider the Mayer- Vietoris sequence (11.21) for M. It will take the form (12. 4p and 
we will again compute the order of H 4 (M) by computing the orders of Im(/ 4 ) and Im(A 3 ). 
As in case iVj^ it is clear that A 2 = since tc± : H 2 {G/K^) — > H 2 {G/H) are both onto, 
for the same reason as before. There will be two cases to consider, depending on whether 
or not q^q + = 0. First, suppose q~q+ = 0. Since K~ 7^ K + by assumption it follows that 
only one of g_ or q + can be zero. It would then follow that H 3 (G/ K~) © H 3 (G/ K + ) ~ Z 3 
and H 3 (G/H) ~ Z©Z© (Z/t), with £ ^ 0. Hence, from (T23D, H 3 (M) would be infinite. 
Therefore H 4 (M 7 ) would be infinite as well, and so (3 = in this case. 
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Now assume that q~q+ 7^ 0. First we will find the order of Im(i4). Notice from the com- 
mutativity of the spectral sequences from (12.11) . that ir± : H 4 (G/ — > H A {G/H) maps 
^(G/K^ ~ (viv 2 ) / (^viv 2 ) ~ Z/{hq±/b±) onto the torsion subgroup of H A (G/H), 

(viv-d/itvtib) ~ Z/£. It follow that the order of Im(J 4 ) = ker(n 4 ) is (^^)/£ = 
h 2 q^q + /b^b + £. In fact, one can show that £ = gcd(/ig_/fe_, hq + /b + ) so that Im(/4) is 
cyclic, but this will not be important for our purposes. 

Finally we must find the order of Im(A 3 ) ~ H 3 (G/H)/ Im(n 3 ), from (12.41) . We will do 
this in precisely the same manner as we did with N 7 A . In the natural bases, we see d^' = 
\ Am Dm —An —Dn ] and Im(cf 2 ' ) is generated by x := (Dn, —An, —Dm, Am) 1 . 
Furthermore, from the commutativity of the spectral sequence diagram we get that 
Im(7r^_ : E 3 ' — > -E3' 1 ) = ^(ker^' )). We recall that ker(<i 2 ' ) = (nv\U± + mt) 2 «±) and 
n±{u±) = q±u\—p±U2. Hence Im(7r^_) C E^' 1 is generated by y± := [nq±, —np±,mq±, —mp±y. 
Therefore Im(A 3 ) ~ H 3 (G/H)/ Im(n 3 ) ~ ker [ Am Dm —An —Dn~\/(x,y^,y + ). 
This will be finite if and only if {x, y-,y + } is linearly independent over M. Notice 
that by the definition of (p±,q±), the pairs (p + ,q + )} are linearly independent. 

Also y± = q±(n, 0, m, 0)* — p±(0, n, 0, m)* and x := D(n, 0, — m, 0)* + A(0, — n, 0, m) 1 . 
We see then that {x, y~,y+} is linearly independent over R if and only if mn 7^ 0. 
In particular if mn = then Im(A 3 ) is infinite. Therefore H 4 (M) is infinite and 
hence (3 = in this case. Otherwise H A (M) is finite. To find its order, notice that 
Wi := (n, 0,m, 0)*, w 2 := (0,n, 0,m)*, u> 3 := (z/, 0,/i, 0)* and w<± := (0, v, 0,/i) form 
an integer basis for Z 4 with Wi,w 2 G ker [ Am Dm —An —Dn ]. Let A := Aji 
and D := Djl then gcd(A,D) = 1 since £ = gcd(A, D), so we can choose integers 
C, n with A( + Dn = 1. Then {wi, w 2 , Dw 3 — Aw^, (w 3 + nw^ is also an integer basis 
for Z 4 , with {wi, w 2 , D1U3 — Aw^) an integer basis for ker [ Am Dm —An —Dn ]. 
Therefore the order of Im(A 3 ) ~ ker [ Am Dm —An —Dn ] / (x,y-,y + ) is given by 
I det(x, y-,y + , (u>3 + nw^) | , the absolute value of the determinant of the matrix built from 
the four vectors 2, ?/_, y + , £w; 3 + nw i G Z 4 . Therefore \H 4 (M)\ = |Im(A 3 )| • |Im(J 4 )| = 
I det(x, y_,y + ,(w 3 + nw 4 )\h 2 q_q + /b_b + £. 

Conclusion. If M is a manifold of type N 7 E , then H 5 (M) ~ Z©Z and there is an exact 
sequence — > Z//3 — > H A (M) — >• Z/7 — > with 7 = |/ia/5_6 + |. Furthermore, j3 = 
when q^q + mn = 0, otherwise /3 is finite and /3 = |if 4 (M)|/7 = | det(x, ?/_, y + , (1U3 + 
nw 4: )\hq^q + /£\a\. 

2.6. Actions of type N F : 

S^S^S 1 D {(e ip V a VV e )}, S 3 x5 1 xZ n D {(e ip * e i(p , 1)} • Z n 

where Z n C {(e we , 1, e ie )}. 

Consider the non-primitivity diagram (11.41) with L = S 3 x S 1 x S 1 . The group diagram 
for M L can be reduced to S 3 x S 1 D {(w a ,w)},S 3 x Z n D Z n using [HoTl Prop. 1.12]. 
We then recognize this as an action on S 5 . Hence (11.41) becomes S 5 —> M —> S 2 . The 
Gysin sequence for this bundle clearly gives the cohomology groups of M. 

Conclusion. A manifold M of type N F has the same homology groups as S 5 x S 2 . 
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2.7. The action N 7 G : 

SU(3) D S(U(1)U(2)), S(U(1)U(2)) D T 2 . 

We will handle this case in two steps. First notice that the non-primitivity fiber bundle 
fOj) for L = S(U(1) U(2)) is S 3 -> Af -> CP 2 . The Gysin sequence for the bundle easily 
shows # 5 (M) ~ Z. Now, since G/K ± ~ CP 2 is simply connected the bundle G/iJ — > 
G/K ± is an orientable sphere bundle. So we have the long exact sequence for the pair 
(M, B+), ([LSD. One segment of this sequence is -> # 4 (M) ^Z^Z^Z^O which 
shows H 4 (M) ~ Z. In fact it follows that the Euler class of the bundle S 3 -> M -> CP 2 
is trivial. 

Conclusion. The manifold M of type Nq has the homology groups of CP 2 x S 3 . 

2.8. Actions of type N 7 H : 

SU(3)x5 1 D {(/3(m_#),e m - 9 )} ■ {{(3{m + 9), e in+e )} ■ H D H 

where gcd(m±,n±) = 1, H = SU(1)SU(2) x 1, H = H- • H+, K~ ^ K+, (3(6) = 
diag(e~* e , e 10 , 1), and gcd(n_, n + , d) = 1 where d is the index of HDKq C\Kq in KqHKq. 

We will handle this case in several steps. Start by taking L = S(U(1) U(2)) x S 1 . This 
gives the non-primitivity bundle ( 11. 4p Ml — > M — > CP 2 . Since SU(1) SU(2) x 1 is normal 
in all of L, and H, we see the diagram for Ml has the effective form T 2 D S}_, S]_ D 1, 
where 5*1 and S\_ are distinct circle subgroups of T 2 . It then follows that M L — S 3 /Z r is 
a lens space for some r e Z + |HoH Sec. 7.2]. 

Now consider the long exact sequence of homotopy groups for the bundle S 3 /Z r — ► 
M — > CP 2 . This sequence clearly shows ^(M) ~ Z and ^(M) ~ Z. Hurewicz Theorem 
then implies that h : 7r 2 (M) — > H 2 (M) is an isomorphism and h : vr 3 (M) — > H 3 (M) is 
onto. In particular If 2 (M) - H 5 {M) ~ Z and H 3 (M) ~ # 4 (M) is cyclic, so it only 
remains to find the order of H 4 (M). 

We will eventually find the order of H A (M) by using (11.31) but first we need to compute 
the homology groups of G/K ± . To do this consider the fiber bundle L/K ± —>■ G/K ± — * 
G/L, where L/K± ~ S 1 and G/L ~ CP 2 . The Gysin sequence for this bundle shows 
that ^(G/K^) ~ Z, which means G/K ± is orientable. This sequence also contains 
the segment -> H 3 (G/K±) -> Z -> Z -> H\G / K±) -»• 0. If the middle map here 
is multiplication by fc± e Z then Z/fc± ~ H^G/K*) ~ H^G/K*) and H^G/K*) is 
trivial if fc± 7^ or Z if /c± = 0. 

We will find the value of fc± by computing tti(G/ K ± ). For this, we first claim -K\{G / K^) 
is infinite if n± = and has order n± if n± 7^ 0. The case n± = is clear, so suppose 
7i± 7^ 0. Notice that SU(3) acts on G/K^ in the natural way. Since n± 7^ this action is 
transitive and since gcd(m±,n±) = 1 the isotropy subgroup is SU(1) SU(2) • Z„ ± . Hence 
G/Kq ~ SU(3)/(SU(l)SU(2)-Z n± ), wk x (G/K$) ~ Z n± in this case, as we claimed. Now 
consider the covering space bundle K ± /Kq — > G/Kq — > G/K ± . If n± = we see that 
Tti(G / K^) is infinite. If n± 7^ this shows that the order of ir\(G / K^) is n±o.|- where 
a± = I ^' ± / -K^qT^ I is the number of connected components of ii^. From the homotopy 
exact sequence for L/K ± — > G/K ± — > G/L we see that n 1 (G/K ± ) is cyclic. Putting all 
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this together, we conclude it\{G / 'K^) ~ Z/(n±a±), where we remember n± might be zero 
here. In particular k± = n±a±. 

Before we can use ( jl.3p we need to show that the sphere bundle K ± /H — > Gf H — > 
G/K ± is orientable. As before, notice we have the diagram of sphere bundles (12. 5 p with 
F = G and T = L. Again the bottom bundle is equivalent to the product bundle 
S 1 — > T 2 — > S 1 , and tti(L/K^) — > ni{G/K ± ) is onto. The argument given in that case 
also works in this case. Hence this bundle is orientable as a sphere bundle and so we get 
the long exact sequence of the pair (11.31) . If n_ and n + are both zero then K~ would equal 
K + which is impossible by assumption. So we can assume n_ ^ and hence A;_ ^ 0. 
Then in (Q we have the segment H 3 (G/K + ) -> Z/k_ -> H\M) -> Z/k + -> 0. If 
fc+ = then H A (M) is infinite. If fc + ^ then H 3 (G/K+) = and we see H\M) 
has order k_k + . Since we already showed H 4 (M) is cyclic, we can conclude H A (M) ~ 
Z/(fc_A; + ) = Z/(a_a + n_n + ), where we remember n_n + might be zero. 

Conclusion. If M is a manifold of type Njj, then H 5 (M) ~ Z and H 4 (M) ~ Z/ (a_a + n_n + ) 
where a± = l-fT 111 /-^^!. In particular if n_n + = 0, M has the homology of CP 2 x S* 3 . 

2.9. The action Nj: 

Sp(2) D Sp(l)Sp(l), Sp(l)Sp(l) D Sp(l)SO(2). 

Notice in this case G/K ~ S* 4 . The cohomology groups of M easily follow from the 
long exact sequence of the pair (M, B ). 

Conclusion. The manifold M of type Nj has the same homology groups as S A x S 3 
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